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Àííîòàöèÿ
Ïîñòðîåíà è èññëåäîâàíà íåÿâíàÿ ðàçíîñòíàÿ ñõåìà äëÿ çàäà÷è íàñûùåííî-íåíàñû-
ùåííîé èëüòðàöèîííîé êîíñîëèäàöèè ïðè óñëîâèè ïîëóïðîíèöàåìîñòè íà ÷àñòè ãðà-
íèöû. Ñ ïîìîùüþ ìåòîäà øòðàà óñòàíàâëèâàåòñÿ ñóùåñòâîâàíèå ðåøåíèÿ ðàçíîñòíîé
çàäà÷è. Èññëåäîâàíèå ñõîäèìîñòè ðàçíîñòíîé ñõåìû ïðîâîäèòñÿ ïðè ìèíèìàëüíûõ ïðåä-
ïîëîæåíèÿõ î ãëàäêîñòè èñõîäíûõ äàííûõ: äîêàçûâàåòñÿ ñõîäèìîñòü êóñî÷íî-ïîñòîÿííûõ
âîñïîëíåíèé ðàçíîñòíîãî ðåøåíèÿ ê îáîáùåííîìó ðåøåíèþ ðàññìàòðèâàåìîé çàäà÷è.
Êëþ÷åâûå ñëîâà: èëüòðàöèîííàÿ êîíñîëèäàöèÿ, ðàçíîñòíûå ñõåìû, ìåòîä
øòðàà, ñõîäèìîñòü ðàçíîñòíîé ñõåìû.
1. Ïîñòàíîâêà çàäà÷è
Âçàèìîñâÿçàííûé ïðîöåññ äåîðìèðîâàíèÿ ïîðèñòîé ñðåäû è èëüòðàöèè ñî-
äåðæàùåéñÿ â íåé æèäêîñòè ïîä äåéñòâèåì âíåøíèõ ñèë íàçûâàåòñÿ èëüòðàöè-
îííîé êîíñîëèäàöèåé. Ïðè ýòîì ãîâîðÿò î íàñûùåííîé èëüòðàöèîííîé êîíñîëè-
äàöèè, åñëè ïîðû ñðåäû ïîëíîñòüþ çàíÿòû æèäêîñòüþ, è î íåíàñûùåííîé èëü-
òðàöèîííîé êîíñîëèäàöèè  â ïðîòèâíîì ñëó÷àå. Ñ ïîìîùüþ ìîäåëè íàñûùåííîé
èëüòðàöèîííîé êîíñîëèäàöèè ìîãóò áûòü îïèñàíû ïðîöåññû îñàäêè ñîîðóæåíèé
íà íàñûùåííûõ ïëàñòàõ, ïðîöåññû äåîðìèðîâàíèÿ ïîðèñòîãî ñêåëåòà è äðóãèå.
Îäíàêî â ïðèëîæåíèÿõ ÷àñòî âîçíèêàþò ñèòóàöèè (íàïðèìåð, çàäà÷à î ðàçãðóçêå
ïîðèñòîãî ïëàñòà), êîãäà ñðåäà ñîäåðæèò çîíû è ïîëíîãî, è íåïîëíîãî íàñûùåíèÿ,
êîòîðûå ìîãóò èçìåíÿòüñÿ ñ òå÷åíèåì âðåìåíè. Äëÿ îïèñàíèÿ ýòîãî ïðîöåññà â ðà-
áîòå [1℄ ïðåäëîæåíà ìàòåìàòè÷åñêàÿ ìîäåëü, íàçâàííàÿ íàñûùåííî-íåíàñûùåííîé
èëüòðàöèîííîé êîíñîëèäàöèåé. Ýòà ìîäåëü âêëþ÷àåò â ñåáÿ ñóììàðíîå óðàâíåíèå
äâèæåíèÿ (êâàçèðàâíîâåñèÿ) àç
−div σf +∇(p+ −ms(p)p−) = f(s(p)) (1)
è óðàâíåíèÿ ñîâìåñòíîãî äåîðìèðîâàíèÿ àç
m
∂s(p)
∂t
+ div q + η1s(p)
∂(div u)
∂t
= 0. (2)
Çäåñü σf  òåíçîð ýåêòèâíûõ íàïðÿæåíèé, p  ïîðîâîå äàâëåíèå, u  âåê-
òîð ìàêðîïåðåìåùåíèé ÷àñòèö ñêåëåòà, q  ñêîðîñòü èëüòðàöèè, m  ïîðèñòîñòü
ñðåäû, s(p)  íàñûùåííîñòü, âåêòîð-óíêöèÿ f(s(p))  ïëîòíîñòü ìàññîâûõ ñèë,
p+ = (|p|+ p)/2, p− = p+ − p .
Áóäåì ïîëàãàòü, ÷òî ñêîðîñòü èëüòðàöèè q ñâÿçàíà ñ p ñëåäóþùèì çàêîíîì
q = −b(s(p))(∇p− ρg), (3)
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ðåîëîãè÷åñêèå ñîîòíîøåíèÿ, ñâÿçûâàþùèå ýåêòèâíûå íàïðÿæåíèÿ ñ äåîðìà-
öèÿìè ñêåëåòà,  ëèíåéíûå:
σf = AΛ(u) +BΛ
(
∂u
∂t
)
. (4)
Çäåñü óíêöèÿ b(s(p))  îòíîñèòåëüíàÿ àçîâàÿ ïðîíèöàåìîñòü ñðåäû, ρ  ïëîò-
íîñòü æèäêîñòè, g  âåêòîð ñèëû òÿæåñòè, Λ(u) è Λ
(
∂u
∂t
)
 òåíçîð äåîðìàöèé è
òåíçîð ñêîðîñòåé äåîðìàöèé ñîîòâåòñòâåííî, A è B  ëèíåéíûå îïåðàòîðû, äåé-
ñòâóþùèå â åâêëèäîâîì ïðîñòðàíñòâå H3 ñèììåòðè÷íûõ òåíçîðîâ âòîðîãî ðàíãà.
Çàäà÷ó (1)(4) áóäåì ðàññìàòðèâàòü â îáëàñòè Ω , èìåþùåé îðìó ïðÿìîóãîëü-
íèêà Ω = {(x1, x2) ∈ R
2 : −a ≤ x1 ≤ a, −H ≤ x2 ≤ 0} , Γ =
3⋃
i=1
Γi  ãðàíèöà Ω ,
ãäå
Γ2 = {(x1, x2) ∈ Γ : x2 = 0, a1 <| x1 |≤ a},
Γ3 = {(x1, x2) ∈ Γ : x2 = 0, 0 ≤| x1 |≤ a1 < a},
Γ1  îñòàâøàÿñÿ ÷àñòü Γ , QT = Ω× (0, T ) .
Áóäåì ïðåäïîëàãàòü, ÷òî ïðè t ∈ (0, T ] âûïîëíåíû ñëåäóþùèå êðàåâûå óñëî-
âèÿ
1
:
ui(x, t) = 0, x ∈ Γ1; (5)
σf12 = 0, x ∈ Γ3 ∪ Γ2; −σ
f
22 + p
+ −ms(p)p− =
{
0, x ∈ Γ2,
F (t), x ∈ Γ3;
(6)
qn(x, t) = 0, x ∈ Γ1; p(x, t) = 0, x ∈ Γ3; (7)
p(x, t)qn(x, t) = 0, p(x, t) ≤ 0, qn(x, t) ≥ 0, x ∈ Γ2. (8)
Çäåñü qn(x, t) = (q, n) , ãäå n  âíåøíÿÿ íîðìàëü ê ãðàíèöå Γ .
Íà÷àëüíûå óñëîâèÿ çàäàþòñÿ â âèäå
ui(x, 0) = u
0
i (x),
(
p(x, 0)
)−
= p−0 (x). (9)
Ìàòåìàòè÷åñêîìó èññëåäîâàíèþ çàäà÷è (1)(9) ïîñâÿùåíû ðàáîòû [2, 3℄, ãäå,
â ÷àñòíîñòè, ðàññìîòðåí âîïðîñ ñóùåñòâîâàíèÿ îáîáùåííîãî ðåøåíèÿ. Ïðè÷åì
â ðàáîòå [3℄ ðàçðåøèìîñòü çàäà÷è (1)(9) äîêàçàíà ïðè áîëåå ñëàáûõ, ïî ñðàâíå-
íèþ ñ [2℄, îãðàíè÷åíèÿõ. Äëÿ ïîÿñíåíèÿ ðàññìîòðèì, íàïðèìåð, íàèáîëåå ÷àñòî
èñïîëüçóåìûå â ïðèëîæåíèÿõ çàâèñèìîñòè âèäà
s(p) =
{
(1− p)−µ, p ≤ 0,
1, p > 0,
b(s) = sν , 0 ≤ s ≤ 1, µ ≥ 0, ν > 0. (10)
åçóëüòàò ðàáîòû [2℄ äëÿ çàâèñèìîñòåé âèäà (10) ñïðàâåäëèâ ïðè óñëîâèè, ÷òî
µν ≤ 1 (çàìåòèì, ÷òî íàèáîëåå ïîïóëÿðíûé, ïî-âèäèìîìó, ñëó÷àé, êîãäà µ = 1 ,
ν = 3 , ýòèì óñëîâèåì èñêëþ÷àåòñÿ). Â [3℄ ñóùåñòâîâàíèå îáîáùåííîãî ðåøåíèÿ
äëÿ çàâèñèìîñòåé âèäà (10) äîêàçàíà äëÿ ëþáûõ µ > 0 , ν > 0 . Ïîýòîìó â íàñòî-
ÿùåé ðàáîòå ïðè ïîñòðîåíèè ðàçíîñòíîé ñõåìû áóäåì èñïîëüçîâàòü ïðåäëîæåííîå
â ðàáîòå [3℄ îïðåäåëåíèå îáîáùåííîãî ðåøåíèÿ çàäà÷è (1)(9).
1
Âûáîð âèäà îáëàñòè Ω è êðàåâûõ óñëîâèé îáóñëîâëåí èõ öåëåñîîáðàçíîñòüþ ñ òî÷êè çðåíèÿ
ïðèëîæåíèé.
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2. Îáîáùåííàÿ îðìóëèðîâêà çàäà÷è
Äîêàçàòåëüñòâî ðàçðåøèìîñòè çàäà÷è (1)(9) ðàáîòàõ [2, 3℄ ïðîâîäèëîñü ïóòåì
ïðèìåíåíèÿ ïðåîáðàçîâàíèÿ Êèðõãîà, ïðè ýòîì îò íåèçâåñòíîé óíêöèè p(x, t)
ïåðåõîäÿò ê óíêöèè w(x, t) = ϑ(p(x, t)) , ãäå
ϑ(p) =
p∫
0
b(s(ξ)) dξ. (11)
Â [3℄ áûëî îòìå÷åíî, ÷òî â óñëîâèÿõ (10) ïðè µν > 1 îáëàñòüþ çíà÷åíèé óíê-
öèè ϑ(p) ÿâëÿåòñÿ ëèøü ÷àñòü ÷èñëîâîé îñè, à èìåííî ìíîæåñòâî (−γ,+∞) , çäåñü
γ =
0∫
−∞
b(s(ξ)) dξ. (12)
Â òåîðèè èëüòðàöèè γ íàçûâàþò ìàêðîñêîïè÷åñêîé êàïèëëÿðíîé äëèíîé.
Èç ðàáîòû [4℄ ñëåäóåò, ÷òî γ , êàê ïðàâèëî, èìååò êîíå÷íîå çíà÷åíèå. Ïðè ïåðå-
÷èñëåííûõ âûøå óñëîâèÿõ ðåøåíèå èñõîäíîé çàäà÷è, ïåðåîðìóëèðîâàííîå â òåð-
ìèíàõ (u1, u2, w) , î÷åâèäíî, òðåáóåò îãðàíè÷åíèÿ âèäà w ≥ −γ . ×òîáû èçáåæàòü
ââåäåíèÿ òàêîãî îãðàíè÷åíèÿ, â [3℄ ââîäèòñÿ òàê íàçûâàåìàÿ ¾äîîïðåäåëåííàÿ¿
çàäà÷à.
Ñ ýòîé öåëüþ ïî èçâåñòíûì s(p) , b(s) , ϑ(p) (ñì. (11)) ñòðîÿòñÿ óíêöèè
ϕ(w) =
{
s(ϑ−1(w)), w > −γ,
0, w ≤ −γ,
ϕ1(w) =
{
s(ϑ−1(w))(ϑ−1(w))−, w > −γ,
0, w ≤ −γ.
(13)
Ïðè ïîñòðîåíèè äîîïðåäåëåííîé çàäà÷è â óðàâíåíèÿõ (1)(9) s(p) çàìåíÿåòñÿ
íà ϕ(w) , s(p)p−  íà ϕ1(w) , b(s(p))∇p  íà ∇w .
Íåòðóäíî âèäåòü, ÷òî, åñëè óíêöèè u1, u2, w ÿâëÿþòñÿ ðåøåíèåì äîîïðåäå-
ëåííîé çàäà÷è è w(x, t) ≥ −γ äëÿ ëþáûõ (x, t) ∈ QT , òî u1, u2, ϑ
−1(w)  ðåøåíèå
çàäà÷è (1)(9).
Â äàëüíåéøåì, ñëåäóÿ [3℄, áóäåì ïðåäïîëàãàòü, ÷òî äëÿ óíêöèé s(p), b(s) è
îïåðàòîðîâ A, B âûïîëíåíû ñëåäóþùèå óñëîâèÿ.
A1. Ôóíêöèÿ s : R → (0, 1]  íåóáûâàþùàÿ, íåïðåðûâíàÿ, êóñî÷íî-äèåðåí-
öèðóåìàÿ óíêöèÿ òàêàÿ, ÷òî s(p) = 1 ïðè ëþáîì p ≥ 0 .
A2. Ôóíêöèÿ b : [0, 1]→ [0, 1]  íåóáûâàþùàÿ, íåïðåðûâíàÿ.
A3. Îòîáðàæåíèå ϑ : R → (−γ,+∞) , çàäàííîå îðìóëîé (11), âçàèìíî-
îäíîçíà÷íî, ãäå γ  ïàðàìåòð, îïðåäåëåííûé â (12).
A4. Ñóùåñòâóþò êîíñòàíòû κ > 0 , Cϕ > 0 è Cϑ > 0 òàêèå, ÷òî
ϕ′(η)ϕ2κ−1(η) ≤ Cϕ ∀ η ∈ (−γ, 0), (14)
|ϕ1(η)| ≤ Cϑ ∀ η ∈ (−γ, 0). (15)
Çàìåòèì, ÷òî äëÿ óíêöèé âèäà (10) îöåíêè (14), (15) ïðè κ > ν/2 ñïðàâåäëèâû
äëÿ âñåõ µ è ν , óäîâëåòâîðÿþùèõ óñëîâèþ (µ ν − 1) > 0 .
A5. A è B  ëèíåéíûå, ñèììåòðè÷íûå, îãðàíè÷åííûå è ïîëîæèòåëüíî îïðåäå-
ëåííûå îïåðàòîðû, äåéñòâóþùèå â H3 .
Â äàëüíåéøåì íàì ïîíàäîáÿòñÿ ñëåäóþùèå îáîçíà÷åíèÿ:
◦
V  çàìûêàíèå ãëàä-
êèõ óíêöèé, ðàâíûõ íóëþ íà Γ1 , â íîðìå ïðîñòðàíñòâà W
1
2 (Ω) ,
◦
V 1  çàìûêàíèå
ãëàäêèõ óíêöèé, ðàâíûõ íóëþ íà Γ3 , â íîðìå òîãî æå ïðîñòðàíñòâà,
K =
{
w ∈
◦
V 1 : w(x) ≤ 0 ï. â. íà Γ2
}
.
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Îïðåäåëåíèå 1. Îáîáùåííûì ðåøåíèåì äîîïðåäåëåííîé çàäà÷è íàçîâåì
òðîéêó óíêöèé (u1, u2, w) , äëÿ êîòîðûõ ñïðàâåäëèâû ñëåäóþùèå óñëîâèÿ:
ui,
∂ui
∂t
∈ L2(0, T ;
◦
V ), ui(x, 0) = u
0
i (x) ï. â. íà Ω, i = 1, 2,
w ∈ L2(0, T ;K), w
−(x, 0) = w−0 (x) ï. â. íà Ω,
äëÿ ëþáûõ óíêöèé vi ∈ L2(0, T ;
◦
V ), i = 1, 2, èìåþò ìåñòî ðàâåíñòâà∫
QT
{
2∑
j=1
σfij
∂vi
∂xj
−
[
w+ −mϕ1(w)
] ∂vi
∂xi
− fi(ϕ(w))vi
}
dx dt =
= δi2
T∫
0
∫
Γ3
F (x, t)vi dx dt, (16)
è äëÿ ïðîèçâîëüíîé óíêöèè z ∈ L2(0, T ;K) , èìåþùåé ïðîèçâîäíóþ
∂z
∂t
∈ L2(QT ) ,
è ëþáîé íåîòðèöàòåëüíîé óíêöèè α(t) ∈ C1([0, T ]) òàêîé, ÷òî α(T ) = 0, ñïðàâåä-
ëèâî íåðàâåíñòâî∫
QT
{
η1ϕ(w)
∂(div u)
∂t
α(t) (z − w) +∇w · ∇(α(t) (z − w))
}
dx dt +
+ [m∂tϕ(w), α(t)(z − w)] ≥
∫
QT
b(ϕ(w)) ρ g2
∂(z − w)
∂x2
dx dt. (17)
Â (17) ïîëàãàåòñÿ
[m∂tϕ(w), α(t)(z − w)] =
∫
QT
mΦ(w)∂tα(t) dx dt −
∫
QT
mϕ(w)∂t(αz) dx dt +
+
∫
Ω
mΦ(−w−0 ))α(0) dx −
∫
Ω
mϕ(−w−0 )z(x, 0)α(0) dx,
ãäå Φ(ξ) =
ξ∫
0
ϕ′(ζ)ζ dζ , g2 = (g, x2) .
3. Ïîñòðîåíèå ðàçíîñòíîé ñõåìû
Íà Ω ïîñòðîèì ðàâíîìåðíóþ ñåòêó ω ñ øàãàìè h1 = 2a/N1 è h2 = H/N2
ïî x1 è x2 ñîîòâåòñòâåííî. ×èñëî N1 âûáèðàåòñÿ òàêèì îáðàçîì, ÷òîáû òî÷êè
x = (±a1, 0) áûëè èç ω . Ïóñòü γi = ω∩Γi, i = 1, 2, 3, γ =
3⋃
i=1
γi  ìíîæåñòâî óçëîâ
ñåòêè, ïðèíàäëåæàùèõ Γ , ω = ω \ γ. ×åðåç τ áóäåì îáîçíà÷àòü øàã ïî âðåìåíè,
ωτ = {τ, 2τ, . . . , T =Mτ} , ωτ = {0, τ, 2τ, . . . , T}.
Ïóñòü Vh  ïðîñòðàíñòâî ñåòî÷íûõ óíêöèé, îïðåäåëåííûõ íà ω . Îáîçíà÷èì
÷åðåç
◦
Vh ìíîæåñòâî ñåòî÷íûõ óíêöèé èç Vh , ðàâíûõ íóëþ íà ãðàíèöå γ1 , ÷åðåç
◦
Vh1 ìíîæåñòâî ñåòî÷íûõ óíêöèé èç Vh , ðàâíûõ íóëþ íà ãðàíèöå γ3 . Ïóñòü
Kh = {w ∈
◦
V h1: w(x) ≤ 0 ï. â. íà γ2}.
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Ââåäåì â ðàññìîòðåíèå âåêòîð r = (r1, r2) , êîîðäèíàòû êîòîðîãî ìîãóò ïðè-
íèìàòü çíà÷åíèÿ ±1 . Äëÿ ñåòî÷íîé óíêöèè y îïðåäåëèì ðàçíîñòíûå îòíîøåíèÿ
∂riy ïî îðìóëå
∂riy =
{
yxi, ri = +1,
yxi , ri = −1.
Âåêòîð ∇ry = (∂r1y, ∂r2y) ÿâëÿåòñÿ ðàçíîñòíûì àíàëîãîì ãðàäèåíòà óíêöèè,
à divrv = ∂r1v1 + ∂r2v2  ðàçíîñòíûì àíàëîãîì äèâåðãåíöèè âåêòîðà v = (v1, v2).
Äëÿ x ∈ ω îáîçíà÷èì ÷åðåç Hr(x) ÿ÷åéêó ñåòêè ω , êîòîðàÿ ñîäåðæèò âñå
òî÷êè ñåòêè, ó÷àñòâóþùèå â çàïèñè îïåðàòîðà ∇ry(x) . Ïóñòü ωr  ìíîæåñòâî òî÷åê
x ∈ ω , â êîòîðûõ îïðåäåëåí îïåðàòîð ∇ry(x) .
Â ïðîñòðàíñòâå Vh ââåäåì ñëåäóþùèå íîðìû è ñêàëÿðíûå ïðîèçâåäåíèÿ:
(y, v)r =
∑
x∈ωr
h1h2y(x)v(x), [y, v] =
1
4
∑
r
(y, v)r, (18)
‖y‖ = [|y|2, 1]1/2, ‖y‖2+ =
1
4
∑
r
2∑
i=1
(|∂riy|
2, 1)r,
(y, v)r,γi =
∑
x∈ωr∩γi
h1y(x)v(x), [y, v]γi =
1
2
∑
r
(y, v)r,γi , i = 2, 3.
Îïðåäåëèì äëÿ ñåòî÷íûõ óíêöèé êóñî÷íî-ïîñòîÿííûå âîñïîëíåíèÿ ïî x è t :
Πrz(x) = {z(x
′), x′ ∈ ωr : x ∈ Hr(x
′)},
Π+ω(t′) = {ω(kτ) : kτ ≤ t′ < (k + 1)τ},
Π−ω(t′) = {ω(kτ) : (k − 1)τ ≤ t′ < kτ}.
Èñïîëüçóÿ ââåäåííûå âûøå îáîçíà÷åíèÿ, ëåãêî ìîæíî âèäåòü, ÷òî äëÿ ëþáûõ ñå-
òî÷íûõ óíêöèé y , v ∈ Vh âûïîëíÿåòñÿ ñëåäóþùåå ðàâåíñòâî:
(y, v)r =
∫
Ω
Πry · Πrv dx. (19)
Îïðåäåëåíèå 2. Òðîéêó óíêöèè y1 , y2 , whτ , îïðåäåëåííûõ íà ω × ωτ ,
òàêèõ, ÷òî yi(t) ∈
◦
Vh , i = 1, 2 , whτ (t) ∈ Kh äëÿ ëþáîãî t ∈ ωτ , íàçîâåì ðåøåíèåì
íåÿâíîé ðàçíîñòíîé ñõåìû, åñëè äëÿ ëþáûõ x ∈ ω
yi(x, 0) = y
0(x), i = 1, 2, (whτ (x, 0))
− = w−hτ0(x),
äëÿ ëþáûõ óíêöèé vi ∈
◦
Vh èìåþò ìåñòî ðàâåíñòâà
1
4
∑
r
( 2∑
j=1
(
(AΛr(ŷ))ij +(BΛr(yt))ij
)
, ∂rjvi
)
r
−
1
4
∑
r
(
ŵ+hτ −mϕ1(ŵhτ ), ∂rivi
)
r
=
=
[
fi(ϕ(ŵhτ )), vi
]
+ δi2
[
Fhτ (x, t), vi
]
γ3
∀ t ∈ ωτ\{T }, i = 1, 2, (20)
è äëÿ ëþáûõ óíêöèé z ∈ Kh è ∀ t ∈ ωτ\{T } âûïîëíÿåòñÿ íåðàâåíñòâî
η1
4
∑
r
(
ϕ(ŵhτ ) divr yt, z − ŵhτ
)
r
+
1
4
∑
r
(
∇rŵhτ , ∇r(z − ŵhτ )
)
r
+
+m
[
ϕ(ŵhτ )− ϕ(whτ )
τ
, z − ŵhτ
]
≥
ρg2
4
∑
r
(
b(ϕ(ŵhτ )), ∂r2(z − ŵhτ )
)
r
. (21)
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Â (21) y = (y1, y2) , ŷ = y(t+ τ) , yt =
ŷ − y
τ
, Λr(y)  ðàçíîñòíàÿ àïïðîêñèìàöèÿ
òåíçîðà äåîðìàöèé ñ êîìïîíåíòàìè (Λr(y))ij =
1
2
(∂rjyi+∂riyj) , à y
0
i , w
−
hτ0 , Fhτ 
ñåòî÷íûå óíêöèè òàêèå, ÷òî
Πry
0
i → u
0
i , Πrw
−
hτ0 → w
−
0 â L2(Ω), Π
+
r Fhτ → F â L2(0, T ; Γ3). (22)
4. Ñóùåñòâîâàíèå ðåøåíèÿ ðàçíîñòíîé ñõåìû
Òåîðåìà 1. Ïóñòü îïåðàòîðû A è B , óíêöèè s(p) , b(s) , ϕ(w) óäîâëåòâîðÿ-
þò óñëîâèÿì A1A5 , óíêöèè fi , i = 1, 2, íåïðåðûâíû íà [0, 1] . Òîãäà ðåøåíèå
ðàçíîñòíîé ñõåìû (20), (21) ñóùåñòâóåò.
Äîêàçàòåëüñòâî. Ïðè èññëåäîâàíèè ðàçðåøèìîñòè áóäåì èñïîëüçîâàòü ìå-
òîä øòðàà.
Òðîéêó óíêöèè yε1 , y
ε
2 , w
ε
hτ , îïðåäåëåííûõ íà ω × ωτ , òàêèõ, ÷òî y
ε
i (t) ∈
◦
Vh ,
i = 1, 2 , wεhτ (t) ∈ Kh äëÿ ëþáîãî t ∈ ωτ , íàçîâåì ðåøåíèåì íåÿâíîé ðàçíîñòíîé
ñõåìû ñî øòðàîì, åñëè äëÿ ëþáûõ x ∈ ω
yεi (x, 0) = y
0(x), i = 1, 2, (wεhτ (x, 0))
− = w−hτ0(x),
è äëÿ âñåõ t ∈ ωτ\{T } è äëÿ ëþáûõ óíêöèé vi ∈
◦
V h è z ∈
◦
V 1h èìåþò ìåñòî
ðàâåíñòâà
1
4
∑
r
 2∑
j=1
((AΛr(ŷ
ε))ij + (BΛr(y
ε
t ))ij) , ∂rjvi

r
−
−
1
4
∑
r
(
(ŵ εhτ )
+ −mϕ1(ŵ
ε
hτ ), ∂rivi
)
r
=
= [fhτi(ϕ(ŵ
ε
hτ )), vi] + δi2 [Fhτ (x, t), vi]γ3 , i = 1, 2, (23)
η1
4
∑
r
(ϕ(ŵ εhτ )divry
ε
t , z)r +
1
4
∑
r
(∇rŵ
ε
hτ ,∇rz)r +
1
ε
[
(ŵ εhτ )
+, z
]
γ2
+
+m
[
ϕ(ŵ εhτ )− ϕ(w
ε
hτ )
τ
, z
]
=
ρg2
4
∑
r
(b(ϕ(ŵ εhτ )), ∂r2z)r . (24)
Óáåäèìñÿ ñíà÷àëà â ðàçðåøèìîñòè íåÿâíîé ðàçíîñòíîé ñõåìû ñî øòðàîì.
Äëÿ ýòîãî, î÷åâèäíî, äîñòàòî÷íî äîêàçàòü, ÷òî çàäà÷à (23), (24) ïðè èçâåñòíîì
(y ε1 , y
ε
2 , w
ε
hτ ) ðàçðåøèìà îòíîñèòåëüíî (ŷ
ε
1 , ŷ
ε
2, ŵ
ε
hτ ) . Çàäà÷à (23), (24) îòíîñèòåëü-
íî (ŷ ε1 , ŷ
ε
2 , ŵ
ε
hτ ) ïðåäñòàâëÿåò ñîáîé ñèñòåìó íåëèíåéíûõ óðàâíåíèé. Íåòðóäíî äî-
êàçàòü, èñïîëüçóÿ òîïîëîãè÷åñêóþ ëåììó (ñì., íàïðèìåð, [5, ñ. 66℄), ðàçðåøèìîñòü
ýòîé ñèñòåìû è ñïðàâåäëèâîñòü îöåíêè âèäà
2∑
i=1
‖ŷ εi ‖
2
+ + ‖ŵ
ε
hτ‖
2
+ ≤ C, (25)
ãäå C  ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò ε .
Çàìåòèì, ÷òî îñíîâíûå ìîìåíòû ïîëó÷åíèÿ ýòîé îöåíêè àêòè÷åñêè ñîäåð-
æàòñÿ â äîêàçàòåëüñòâå ëåììû 2.
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Èç (25) è òåîðåìû Âåéåðøòðàññà î êîìïàêòíîñòè îãðàíè÷åííîé ïîñëåäîâàòåëü-
íîñòè ñëåäóåò ñóùåñòâîâàíèå ïîäïîñëåäîâàòåëüíîñòåé {ŷ ε1 } , {ŷ
ε
2 } , {ŵ
ε
hτ} òàêèõ,
÷òî
ŷ εi → ŷi â
◦
V h, i = 1, 2, ŵ
ε
hτ → ŵhτ â Kh ïðè ε→ 0. (26)
Äîêàæåì, ÷òî óíêöèè ŷ1 , ŷ2 , ŵhτ ÿâëÿþòñÿ ðåøåíèåì ðàçíîñòíîé ñõåìû (20),
(21). Äëÿ ýòîãî â ðàâåíñòâàõ (23), (24) ïåðåéäåì ê ïðåäåëó ïðè ε → 0 . Ïðè ýòîì
ó÷òåì, ÷òî èç ñõîäèìîñòè ïîñëåäîâàòåëüíîñòåé ŷ εi , ŵ
ε
hτ è íåïðåðûâíîñòè îïåðàòî-
ðîâ A è B ñëåäóåò, ÷òî Λr(ŷ
ε) ⇀ Λr(ŷ) , AΛr(ŷ
ε) ⇀ AΛr(ŷ) , BΛr(ŷ
ε) ⇀ BΛr(ŷ)
â (Vh)
3
.
Ó÷èòûâàÿ î÷åâèäíîå íåðàâåíñòâî
1
ε
[
(ŵ εhτ )
+, z
]
γ2
≤ 0 ∀ z ∈ Kh,
ïåðåéäåì ê ïðåäåëó â (23), (24), â ðåçóëüòàòå ïîëó÷èì ñîîòíîøåíèÿ (20) è íåðàâåí-
ñòâî
η1
4
∑
r
(ϕ(ŵhτ ) divr yt, z)r +
1
4
∑
r
(∇rŵhτ , ∇rz)r +
+ m
[
ϕ(ŵhτ )− ϕ(whτ )
τ
, z
]
≥
ρ g2
4
∑
r
(b(ϕ(ŵhτ )), ∂r2z)r . (27)
Âûáåðåì â ðàâåíñòâå (24) z = ŵ εhτ è ïåðåéäåì çàòåì ê ïðåäåëó ïðè ε → 0 . Òîãäà
ñ ó÷åòîì íåðàâåíñòâà [
(ŵ εhτ )
+, ŵ εhτ
]
γ2
≥ 0
ïîëó÷èì
η1
4
∑
r
(ϕ(ŵhτ )divr yt, ŵhτ )r +
1
4
∑
r
(∇rŵhτ , ∇rŵhτ )r +
+ m
[
ϕ(ŵhτ )− ϕ(whτ )
τ
, ŵhτ
]
≤
ρ g2
4
∑
r
(b(ϕ(ŵhτ )), ∂r2ŵhτ )r . (28)
Âû÷èòàÿ èç íåðàâåíñòâà (27) íåðàâåíñòâî (28), ïðèõîäèì ê (21).
Ëåììà 1. Äëÿ ðåøåíèÿ íåÿâíîé ðàçíîñòíîé ñõåìû ñî øòðàîì (23), (24)
ñïðàâåäëèâî íåðàâåíñòâî
ŵ εhτ (x, t) ≥ −γ ∀x ∈ ω, ∀ t ∈ ωτ\{T }. (29)
Äîêàçàòåëüñòâî. Â ðàâåíñòâå (24) ïîëîæèì z = (γ + ŵ εhτ )
−
. Â ðåçóëüòàòå
ïîëó÷èì
η1
4
∑
r
(
ϕ(ŵ εhτ ) divr y
ε
t , (γ + ŵ
ε
hτ )
−
)
r
+
1
4
∑
r
(
∇rŵ
ε
hτ ,∇r(γ + ŵ
ε
hτ )
−
)
r
+
+
m
τ
[
ϕ(ŵ εhτ ), (γ + ŵ
ε
hτ )
−
]
−
m
τ
[
ϕ(wεhτ ), (γ + ŵ
ε
hτ )
−
]
+
+
1
ε
[
(ŵ εhτ )
+, (γ + ŵ εhτ )
−
]
γ2
=
ρg2
4
∑
r
(
b(ϕ(ŵ εhτ )), ∂r2(γ + ŵ
ε
hτ )
−
)
r
. (30)
Íåòðóäíî âèäåòü, ÷òî ñîãëàñíî ðàâåíñòâó (13) ϕ(ζ) = 0 ïðè ζ ≤ −γ ; (γ + ζ)− = 0
ïðè ζ ≥ −γ , ïîýòîìó ϕ(ζ) (γ+ ζ)− = 0 è ζ+(γ+ ζ)− = 0 ïðè ëþáûõ ζ . Êðîìå òîãî,
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èç óñëîâèÿ b(0) = 0 ñëåäóåò, ÷òî b(ϕ(ζ)) 6= 0 òîëüêî òîãäà, êîãäà ζ > −γ . Ïîýòîìó
ïåðâîå, òðåòüå è ïÿòîå ñëàãàåìûå â ëåâîé ÷àñòè ðàâåíñòâà (30) è ïðàâàÿ ÷àñòü (30)
ðàâíû íóëþ.
Ïðåîáðàçóåì âòîðîå ñëàãàåìîå â ëåâîé ÷àñòè (30) ñëåäóþùèì îáðàçîì:∑
r
(
∇rŵ
ε
hτ ,∇r(γ + ŵ
ε
hτ )
−
)
r
=
∑
r
(
∇r(γ + ŵ
ε
hτ ),∇r(γ + ŵ
ε
hτ )
−
)
r
=
= −
∑
r
(
∇r(γ + ŵ
ε
hτ )
−,∇r(γ + ŵ
ε
hτ )
−
)
r
= − ‖ (γ + ŵ εhτ )
− ‖2+ . (31)
Òîãäà ðàâåíñòâî (30) çàïèøåòñÿ â âèäå
−
∥∥(γ + ŵ εhτ )−∥∥2+ − mτ [ϕ(w εhτ ), (γ + ŵ εhτ )−] = 0. (32)
Ëåâàÿ ÷àñòü ðàâåíñòâà (32) íå ïîëîæèòåëüíà, ïîýòîìó èç (32) ñëåäóåò, ÷òî
(γ + ŵ εhτ (x, t))
− = 0 ∀x ∈ ω, ∀ t ∈ ωτ .
Ñëåäñòâèå 1. Èç ëåììû 1 è ñîîòíîøåíèÿ (26) î÷åâèäíûì îáðàçîì âûòåêàåò
ñïðàâåäëèâîñòü äëÿ ðåøåíèÿ ðàçíîñòíîé ñõåìû (20), (21) îöåíêè âèäà
ŵhτ (x, t) ≥ −γ ∀x ∈ ω, ∀ t ∈ ωτ\{T }. (33)
5. Àïðèîðíûå îöåíêè
Ëåììà 2. Äëÿ ðåøåíèÿ ðàçíîñòíîé ñõåìû (20), (21) ñïðàâåäëèâû ñëåäóþùèå
àïðèîðíûå îöåíêè:
‖yi(t
′)‖+ ≤ C,
t′−τ∑
t=0
τ ‖(yi)t‖
2
+ ≤ C, i = 1, 2, (34)
[Φ (whτ (t
′)), 1] ≤ C,
t′−τ∑
t=0
τ‖ŵhτ (t)‖
2
+ ≤ C, (35)
ãäå C  ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò ε , τ , h1 , h2 .
Äîêàçàòåëüñòâî. Ñíà÷àëà äîêàæåì, ÷òî äëÿ ðàçíîñòíîé ñõåìû ñî øòðàîì
(23), (24) èìåþò ìåñòî îöåíêè âèäà
‖yεi (t
′)‖+ ≤ C˜,
t′−τ∑
t=0
τ ‖(yεi )t‖
2
+ ≤ C˜, i = 1, 2, (36)
[Φ (wεhτ (t
′)) , 1] ≤ C˜,
t′−τ∑
t=0
τ‖ŵ εhτ (t)‖
2
+ ≤ C˜, (37)
1
ε
t′−τ∑
t=0
τ‖ŵ ε+hτ (t)‖γ2 ≤ C˜ ∀ t
′ ∈ ωτ , (38)
ãäå C˜  êîíñòàíòà, íå çàâèñÿùàÿ îò ε , τ , h1 , h2 .
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Âûáåðåì â (23), (24) vi = (y
ε
i )t, z = ŵ
ε
τ , ïîëó÷åííûå ðàâåíñòâà ñëîæèì, óìíî-
æèì çàòåì íà τ è ïðîñóììèðóåì îò 0 äî t′ − τ , t′ ∈ ωτ . Â ðåçóëüòàòå áóäåì
èìåòü
η1
4
t′−τ∑
t=0
τ
∑
r
((
AΛr(ŷ
ε
i ) +BΛr(y
ε
t ),Λr(y
ε
t )
)
H3
, 1
)
r
+
+
t′−τ∑
t=0
τ
(
‖ŵ εhτ‖
2
+ +
1
ε
[(
ŵ εhτ
)+
, ŵ εhτ
]
γ2
)
+m
t′−τ∑
t=0
τ
[(
ϕ(wεhτ )
)
t
, ŵ εhτ
]
=
= η1τ
t′−τ∑
t=0
(
2∑
i=1
[
fi (ϕ(w
ε
hτ )) , (y
ε
i )t
]
+
[
Fhτ (x, t), (y
ε
2)t
]
γ3
)
+
+
η1τ
4
t′−τ∑
t=0
∑
r
(
(ŵ εhτ )
+ −mϕ1(ŵ
ε
hτ )− ϕ(ŵ
ε
hτ )ŵ
ε
hτ , divr (y
ε)t
)
r
+
+
1
4
t′−τ∑
t=0
τ
∑
r
(
ρg2b
(
ϕ(ŵ εhτ )
)
, ∂r2ŵ
ε
hτ
)
r
. (39)
àâåíñòâî (39) ïðåîáðàçóåì, èñïîëüçóÿ ëåãêî ïðîâåðÿåìîå ñîîòíîøåíèå
t′−τ∑
t=0
τ
4
∑
r
(
(AΛr(ŷ
ε),Λr(y
ε)t)H3 , 1
)
r
=
1
8
∑
r
(
(AΛr (y
ε(t′)) ,Λr (y
ε(t′)))H3 , 1
)
r
−
−
1
8
∑
r
((
AΛr(y
0),Λr(y
0)
)
H3
, 1
)
r
+
τ2
8
t′−τ∑
t=0
∑
r
(
(AΛr(y
ε)t,Λr(y
ε)t)H3 , 1
)
r
,
ïîëîæèòåëüíóþ îïðåäåëåííîñòü îïåðàòîðîâ A è B , ñåòî÷íûé àíàëîã íåðàâåíñòâà
Êîðíà è íåðàâåíñòâî âèäà (ñì. [6℄)
t′−τ∑
t=0
τ
[
ϕ(ŵ εhτ )− ϕ(w
ε
hτ )
τ
, ŵ εhτ
]
≥ [Φ (wεhτ (t
′)) , 1]−
[
Φ
(
−w−hτ0(x)
)
, 1
]
. (40)
Òîãäà èç (39) ñ ó÷åòîì ðàâåíñòâà Φ(w0) = Φ(−w
−
0 ) ñëåäóåò, ÷òî
η1CA
2∑
i=1
‖yεi (t
′)‖
2
+ + η1CB
t′−τ∑
t=0
τ
2∑
i=1
‖(yεi )t‖
2
+ +
t′−τ∑
t=0
τ ‖ŵ εhτ (t)‖
2
+ + [Φ(w
ε
hτ (t
′)), 1]+
+
1
ε
t′−τ∑
t=0
τ‖
(
ŵ ετ
)+
‖2γ2 ≤
[
Φ(−w−hτ0), 1
]
+ η1C
2∑
i=1
∥∥y0i ∥∥2+ + |I|, (41)
ãäå I  ïðàâàÿ ÷àñòü ðàâåíñòâà (39).
Ñëàãàåìîå I îöåíèì ñëåäóþùèì îáðàçîì:
∣∣I∣∣ ≤ t′−τ∑
t=0
∣∣∣∣∣η14 ∑
r
((
ŵ εhτ
)+
−mϕ1(ŵ
ε
hτ )− ϕ(ŵ
ε
hτ )ŵ
ε
hτ , divr (y
ε)t
)
r
∣∣∣∣∣+
+
t′−τ∑
t=0
∣∣∣∣{η1 2∑
i=1
[
fi (ϕ(ŵ
ε
hτ )) , (y
ε
i )t
]
+
+ η1
[
Fhτ (x, t),
ŷ ε2 − y
ε
2
τ
]
γ3
+
ρg2
4
∑
r
(b (ϕ(ŵ εhτ )) , ∂r2ŵ
ε
hτ )r
}∣∣∣∣ = I1 + I2.
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Èç ðàâåíñòâà (ŵhτ )
+−mϕ1(ŵhτ )−ϕ(ŵhτ )ŵhτ = −mϕ1(ŵhτ )+ϕ(ŵhτ )(ŵhτ )
−
, îãðà-
íè÷åííîñòè óíêöèé ϕ1 , ϕ , ŵhτ è îöåíêè (15) âûòåêàåò, ÷òî
I1 ≤ (mCϑ + γ)
t′−τ∑
t=0
1
4
∑
r
(|divr (y
ε)t|, 1)r ≤ δ˜
t′−τ∑
t=0
τ
2∑
i=1
‖(yi)t‖
2
+ +
C
δ˜
.
Èñïîëüçóÿ óñëîâèÿ íà óíêöèè fi è Fτ è íåðàâåíñòâî ÊîøèÁóíÿêîâñêîãî, ïî-
ëó÷àåì
I2 ≤ δ˜
t′−τ∑
t=0
τ
(
2∑
i=1
‖(yεi )t‖
2
+ + ‖ŵ
ε
hτ‖
2
+
)
+
C
δ˜
1 + t′−τ∑
t=0
τ‖Fhτ (t)‖
2
γ3
 .
Èç (41), à òàêæå èç ïîëó÷åííûõ äëÿ I1 è I2 îöåíîê ñëåäóåò ñïðàâåäëèâîñòü (36)
(38).
Â ñïðàâåäëèâîñòè ëåììû 2 íåòðóäíî óáåäèòüñÿ òåïåðü, ñîâåðøèâ ïðåäåëüíûé
ïåðåõîä ïî ε→ 0 â ïîëó÷åííûõ îöåíêàõ (36)(38) ïðè èêñèðîâàííûõ h1 , h2 è τ ,
ó÷òÿ ïðè ýòîì ïðåäåëüíûå ñîîòíîøåíèÿ (26).
Ëåììà 3. Äëÿ ðåøåíèÿ ðàçíîñòíîé ñõåìû (20), (21) ñïðàâåäëèâî ñëåäóþùåå
íåðàâåíñòâî:
1
k
T−kτ∑
t′=0
[
(G(whτ (t
′ + kτ)) −G(whτ (t
′)))
2
, 1
]
≤ Ñ, (42)
ãäå
G(ζ) = ϕ(ζ)g(ζ) −
ζ∫
0
ϕ(ξ)g′(ξ) dξ − 1/2, g(ζ) =
{
ϕ2κ(ζ)(1 + ϕ2κ(ζ))−1, ζ < 0,
1/2, ζ ≥ 0,
C  êîíñòàíòà, íå çàâèñÿùàÿ îò τ , h1 , h2 .
Äîêàçàòåëüñòâî. Ñíà÷àëà äîêàæåì, ÷òî äëÿ ðåøåíèÿ ðàçíîñòíîé ñõåìû ñî
øòðàîì ñïðàâåäëèâà îöåíêà
I ≡
1
kτ
T−kτ∑
t′=0
τ
[
(G(wεhτ (t
′ + kτ))−G(wεhτ (t
′)))
2
, 1
]
≤ C˜, (43)
ãäå C˜  êîíñòàíòà, íå çàâèñÿùàÿ îò ε , τ , h1 , h2 . Èìååì
I =
τ
k
T−kτ∑
t′=0
t′+(k−1)τ∑
t=t′
[
G(ŵ εhτ (t))−G(w
ε
hτ (t))
τ
, RG(t
′)
]
,
ãäå RG(t
′) = G(wεhτ (t
′ + kτ))−G(wεhτ (t
′)). Çàìåòèì, ÷òî
G(ŵ εhτ )−G(w
ε
hτ )
τ
=
ϕ(ŵ εhτ )g(ŵ
ε
hτ )− ϕ(w
ε
hτ )g(w
ε
hτ )
τ
−
1
τ
ŵ εhτ∫
wε
hτ
ϕ(ξ)g′(ξ)dξ =
=
ϕ(ŵ εhτ )− ϕ(w
ε
hτ )
τ
g(ŵ εhτ ) + ϕ(w
ε
hτ )
g(ŵ εhτ )− g(w
ε
hτ )
τ
−
1
τ
ŵ εhτ∫
wε
hτ
ϕ(ξ)g′(ξ)dξ =
=
ϕ(ŵ εhτ )− ϕ(w
ε
hτ )
τ
g(ŵ εhτ )−
ŵ εhτ∫
wε
hτ
ϕ(ξ)− ϕ(wεhτ )
τ
g′(ξ) dξ.
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Ïîýòîìó[
G(ŵ εhτ (t)−G(w
ε
hτ (t))
τ
, RG(t
′)
]
=
[
ϕ(ŵ εhτ (t))− ϕ(w
ε
hτ (t))
τ
, g(ŵ εhτ (t))RG(t
′)
]
−
−
 ŵ
ε
hτ (t)∫
wε
hτ
(t)
ϕ(ξ) − ϕ(wεhτ (t))
τ
g′(ξ) dξ, RG(t
′)
 ≡ I1 + I2. (44)
Äëÿ îöåíêè I1 âîñïîëüçóåìñÿ (24) ñ z = g(ŵ
ε
hτ (t))RG(t
′) . Â ðåçóëüòàòå ïîëó÷èì
I1 =
1
4m
∑
r
(−η1ϕ(ŵ
ε
hτ (t)) divr (y
ε
t (t)) , g(ŵ
ε
hτ (t))RG(t
′))r+
+
ρg2
4
∑
r
(b (ϕ(ŵ εhτ )) , ∂r2(g(ŵ
ε
hτ (t))RG(t
′)))r −
−
1
4m
∑
r
(∇rŵ
ε
hτ (t),∇r(g(ŵ
ε
hτ (t))RG(t
′)))r −
1
mε
[
(ŵ εhτ (t))
+ , g(ŵ εhτ (t))RG(t
′)
]
γ2
.
Èñïîëüçóÿ îãðàíè÷åííîñòü óíêöèé G, g è îöåíêó (38), íåòðóäíî ïîêàçàòü, ÷òî
|I1| ≤ C
(
2∑
i=1
‖(yεi )t(t)‖
2
+ + ‖ŵ
ε
hτ (t)‖
2
+ +
1
ε
‖ŵ εhτ (t)‖
2
γ2
+ 1
)
. (45)
Îöåíèì I2 . Çàìåòèì, ÷òî ϕ , à ñëåäîâàòåëüíî, g  íåóáûâàþùèå óíêöèè, ïî-
ýòîìó
|I2| ≤
[
ϕ(ŵ εhτ )(t)− ϕ(w
ε
hτ (t))
τ
, (g(ŵ εhτ (t))− g(w
ε
hτ (t))) |RG(t
′)|
]
≡ I3.
Äëÿ îöåíêè I3 âîñïîëüçóåìñÿ (24), âûáðàâ z = (g(ŵ
ε
hτ (t))−g(w
ε
hτ (t)))|RG(t
′)| . Â ðå-
çóëüòàòå áóäåì èìåòü
I3 =
1
4m
∑
r
(−η1ϕ(ŵ
ε
hτ (t)) divr (y
ε
t (t)) , (g(ŵ
ε
hτ (t)) − g(w
ε
hτ (t)))|RG(t
′)|)r−
−
1
4m
∑
r
(∇rŵ
ε
hτ (t), ∇r((g(ŵ
ε
hτ (t))− g(w
ε
hτ (t)))|RG(t
′)|))r +
+
ρg2
4
∑
r
(b (ϕ(ŵ εhτ )) , ∂r2((g(ŵ
ε
hτ (t)) − g(w
ε
hτ (t)))|RG(t
′)|))r−
−
1
mε
[
(ŵ εhτ (t))
+
, (g(ŵ εhτ (t))− g(w
ε
hτ (t)))|RG(t
′)|
]
γ2
. (46)
Îöåíèì ïîñëåäíåå ñëàãàåìîå ïðàâîé ÷àñòè ðàâåíñòâà (46). Ïóñòü
I4 = −
1
mε
[
(ŵ εhτ (t))
+ , (g(ŵ εhτ (t)) − g(w
ε
hτ (t))) |RG(t
′)|
]
γ2
=
= −
1
mε
3∑
i=1
[
(ŵ εhτ (t))
+
, (g(ŵ εhτ (t)) − g(w
ε
hτ (t))) |RG(t
′)|
]
γi
2
= I14 + I
2
4 + I
3
4 ,
ãäå Γ12 = {x ∈ Γ2 : ŵ
ε
hτ (x) < 0} , Γ
2
2 = {x ∈ Γ2 : ŵ
ε
hτ (x) ≥ 0 ∧ w
ε
hτ (x) ≤ 0} , à Γ
3
2 
îñòàâøàÿñÿ ÷àñòü ãðàíèöû Γ2 . Òàê êàê
(
ŵ εhτ (x)
)+
= 0 ïðè x ∈ Γ12 , òî I
1
4 = 0 .
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Åñëè x ∈ Γ22 , òî â ñèëó ìîíîòîííîãî âîçðàñòàíèÿ óíêöèè g ðàçíîñòü g(ŵ
ε
hτ (t))−
− g(wεhτ (t)) ≥ 0 , ïîýòîìó I
2
4 ≤ 0 . È íàêîíåö, åñëè x ∈ Γ
3
2 , òî ŵ
ε
hτ (x) è w
ε
hτ (x)
íåîòðèöàòåëüíû. Òàê êàê g(ζ) = 1/2 ïðè ζ ≥ 0 , òî g(ŵ εhτ (t)) − g(w
ε
hτ (t)) = 0 ,
ñëåäîâàòåëüíî, I34 = 0 . Ïîýòîìó I4 ≤ 0 . Îñòàëüíûå ñëàãàåìûå â ïðàâîé ÷àñòè
ðàâåíñòâà (46) îöåíèì, èñïîëüçóÿ îãðàíè÷åííîñòü g(ζ) , ϕ(w) , G(ζ) , b(ϕ(w)) . Â ðå-
çóëüòàòå ïîëó÷èì
|I2| ≤ C
{
2∑
i=1
‖(yεi )t‖
2
+ + ‖ŵ
ε
τ (t)‖
2
+ + 1
}
. (47)
Èç ñîîòíîøåíèé (44), (45), (47) íåïîñðåäñòâåííî ñëåäóåò ñïðàâåäëèâîñòü (43). Ó÷è-
òûâàÿ ïðåäåëüíûå ñîîòíîøåíèÿ (26), â ñïðàâåäëèâîñòè íåðàâåíñòâà (42) íåòðóäíî
óáåäèòüñÿ, ñîâåðøàÿ ïðåäåëüíûé ïåðåõîä â ïîëó÷åííîé îöåíêå (43) ïî ε → 0 ïðè
èêñèðîâàííûõ h1 , h2 è τ .
6. Èññëåäîâàíèå ñõîäèìîñòè
Ëåììà 4. Ïóñòü y = (y1, y2), whτ  ðåøåíèÿ ðàçíîñòíîé ñõåìû (20), (21).
Òîãäà ñóùåñòâóþò óíêöèè
ui ∈W
(1)
2 (0, T ;
◦
V ), w ∈ L2(0, T ;
◦
V 1)
è ïîñëåäîâàòåëüíîñòè {τ}, {h} òàêèå, ÷òî ïðè τ, h→ 0
Π±r yi ⇀ ui, Π
±
r (yi)t ⇀
∂ui
∂t
, Π±r whτ ⇀ w â L2(QT ), (48)
Π±r ∂riwhτ ⇀
∂w
∂xi
, Π±r ∂rjyi ⇀
∂ui
∂xj
, Π±r ∂rj (yi)t ⇀
∂2ui
∂xj∂t
â L2(QT ), (49)
w(x, t) ≥ −γ ï.â. â QT , (50)
Π±r w
−
hτ → w
−, ϕ(Π±r whτ )→ ϕ(w), ϕ1(Π
±
r whτ )→ ϕ1(w) ï.â. â QT , (51)
Π±r w
+
hτ ⇀ w
+, Π±r w
−
hτ ⇀ w
−
â L2(QT ). (52)
Äîêàçàòåëüñòâî. Ñïðàâåäëèâîñòü óòâåðæäåíèé (48), (49) ñëåäóåò èç àïðèîð-
íûõ îöåíîê (34), (35) è ñëàáîé êîìïàêòíîñòè îãðàíè÷åííûõ ìíîæåñòâ â ðåëåê-
ñèâíîì áàíàõîâîì ïðîñòðàíñòâå. Äîêàæåì, ÷òî óíêöèÿ w , îïðåäåëåííàÿ â (48),
óäîâëåòâîðÿåò íåðàâåíñòâó (50). Ïðåäïîëîæèì îáðàòíîå. Ïóñòü Q′ = {(x, t) ∈ QT :
w(x, t) < −γ} è mesQ′ = α0 6= 0 . Èìååì
γα0 <
∫
Q′
(−w(x, t)) dx dt =
∫
QT
(−w(x, t))hQ′ (x, t) dx dt =
= lim
τ,h1,h2→0
∫
QT
(−Π±r whτ )hQ′(x, t) dx dt ≤ γα0,
ãäå hQ′  õàðàêòåðèñòè÷åñêàÿ óíêöèÿ ìíîæåñòâà Q
′
. Ïîëó÷åííîå ïðîòèâîðå÷èå
äîêàçûâàåò ñïðàâåäëèâîñòü (50). Óáåäèìñÿ òåïåðü â ñïðàâåäëèâîñòè (51). Äëÿ ýòîãî
çàìåòèì, ÷òî èç îãðàíè÷åííîñòè G′(ξ) è (35) ñëåäóåò îöåíêà
T∑
t=0
‖G(whτ (t))‖
2
+ ≤ C. (53)
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Èç íåðàâåíñòâ (42), (53) è ñåòî÷íîãî àíàëîãà òåîðåìû êîìïàêòíîñòè (ñì., íà-
ïðèìåð, [7, ñ. 219℄) ñëåäóåò êîìïàêòíîñòü ïîäïîñëåäîâàòåëüíîñòè {G(Π±r whτ )}
â L2(QT ) , ïîýòîìó íàéäóòñÿ óíêöèÿ ξ ∈ L2(QT ) è ïîäïîñëåäîâàòåëüíîñòè øàãîâ
hi è τ òàêèõ, ÷òî
G(Π±r whτ )→ ξ ïî÷òè âñþäó â QT .
Ïîñêîëüêó óíêöèÿ G íà ìíîæåñòâå [−γ, 0] âçàèìíî-îäíîçíà÷íà, íåïðåðûâíà è
èìååò ìåñòî óñëîâèå (50), òî
Π±r
(
− w−hτ
)
→ G−1(ξ) ïî÷òè âñþäó â QT .
Äîêàæåì, ÷òî G−1(ξ) = −w− . Äëÿ ýòîãî çàïèøåì, ïîëüçóÿñü ìîíîòîííîñòüþ óíê-
öèè G , ñëåäóþùåå íåðàâåíñòâî:∫
QT
(G(Π±r whτ )−G(v))(Π
±
r whτ − v) dx dt ≥ 0.
Â ýòîì íåðàâåíñòâå ïåðåéäåì ê ïðåäåëó ïðè h, τ → 0 . Â ðåçóëüòàòå ïîëó÷èì∫
QT
(ξ −G(v))(w − v) dx dt ≥ 0.
Âûáèðàÿ v = w ± λv1 ∀λ > 0, ∀ v1 ∈ L2(QT ) , íåòðóäíî äîêàçàòü, ÷òî ξ = G(w) =
= G(−w−) . Èç ïîñëåäíåãî ðàâåíñòâà è (50) ñëåäóåò, ÷òî Π±r w
−
hτ → w
−
ïî÷òè âñþäó
â QT . Äîêàçàòåëüñòâî îñòàâøèõñÿ óòâåðæäåíèé àíàëîãè÷íî [3℄.
Òåîðåìà 2. Ïóñòü îïåðàòîðû A è B , óíêöèè s(p) , b(s), f(s(p)) óäîâëåòâî-
ðÿþò óñëîâèÿì A1A5 . Êðîìå òîãî, ïóñòü âûïîëíåíû (22). Òîãäà ïîñëåäîâà-
òåëüíîñòü êóñî÷íî-ïîñòîÿííûõ âîñïîëíåíèé ðåøåíèÿ ðàçíîñòíîé ñõåìû (20),
(21), çàäàííàÿ ñîîòíîøåíèÿìè (48)(52), ñõîäèòñÿ ê îáîáùåííîìó ðåøåíèþ äîîï-
ðåäåëåííîé çàäà÷è (16), (17).
Äîêàçàòåëüñòâî. Îáîñíóåì ñíà÷àëà ñïðàâåäëèâîñòü (17). Ïóñòü z˜  ïðîèç-
âîëüíàÿ óíêöèÿ èç C∞(QT ), ñëåä êîòîðîé íà Γ2 × [0, T ] íåïîëîæèòåëåí, zh 
ñíîñ óíêöèè z˜ â òî÷êè ñåòêè ω × ωτ , α  íåîòðèöàòåëüíàÿ óíêöèÿ òàêàÿ, ÷òî
α ∈ C1(0, T ) è α(T ) = 0. Â (21) âûáåðåì z = zh + ŵhτ , óìíîæèì ïîëó÷åííîå
íåðàâåíñòâî íà α(t) è ïðîñóììèðóåì ïî t îò 0 äî T − τ , òîãäà
η1
T−τ∑
t=0
τ
4
∑
r
(ϕ(ŵhτ ) divr (y)t, zhα(t))r +
T−τ∑
t=0
τ
4
(
∇rŵhτ ,∇r
(
zhα(t)
))
r
+
+m
T−τ∑
t=0
τ [(ϕ(whτ ))t , zhα(t)] ≥
T−τ∑
t=0
ρg2τ
4
∑
r
(
b(ϕ(ŵhτ )), ∂r2
(
zhα(t)
))
r
. (54)
Ïðåîáðàçóåì òðåòüå ñëàãàåìîå â ëåâîé ÷àñòè íåðàâåíñòâà (54):
T−τ∑
t=0
τ
[(
ϕ(whτ )
)
t
, zhα(t)
]
= −m
T−τ∑
t=0
τ
[
ϕ(ŵhτ ),
(
zhα(t)
)
t
]
−m
[
ϕ(−w−hτ0), zh(x, 0)α(0)
]
.
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Ïîäñòàâèì ïîëó÷åííûå ñîîòíîøåíèÿ â (54) è çàïèøåì ðåçóëüòàò, èñïîëüçóÿ ðàâåí-
ñòâî (19), â èòîãå áóäåì èìåòü∫
QT
η1ϕ
(
Π+r ŵhτ
)
Π+r div (y)tΠ
+
r
(
zhα(t)
)
dx dt+
∫
QT
Π+r ∇rŵhτ ·Π
+
r ∇r
(
zhα(t)
)
dx dt−
−m
∫
QT
ϕ(Π+r ŵhτ ) · Π
+
r
(
zhα(t)
)
t
dx dt−m
∫
Ω
ϕ(−Π+r w
−
hτ0) · Π
+
r zh(x, 0)α(0) dx ≥
≥ ρ g2
∫
QT
b
(
ϕ(Π+r ŵhτ )
)
Π+r ∂r2
(
zhα(t)
)
dx dt. (55)
Â (55) ïåðåéäåì ê ïðåäåëó ïðè τ, h → 0 (ïî ïîâîäó îáîñíîâàíèÿ ïðåäåëüíîãî
ïåðåõîäà ñì. [3, ëåììà 5℄). Â ðåçóëüòàòå ïîëó÷èì íåðàâåíñòâî∫
QT
(
η1ϕ(w)
∂(div u)
∂t
α(t)z˜ +∇w · ∇(α(t)z˜)−mϕ(w)
∂(α(t)z˜)
∂t
)
dx dt−
−m
∫
Ω
ϕ(−w−0 )z˜(x, 0)α(0)dx dt ≥
∫
QT
b(ϕ(w)) ρ g2
∂(α(t)z˜)
∂x2
dx dt, (56)
ñïðàâåäëèâîå äëÿ ëþáîé óíêöèè z˜ ∈ C∞(QT ) , èìåþùåé íåïîëîæèòåëüíûé ñëåä
íà Γ2 × [0, T ] . Î÷åâèäíî, ÷òî (56) áóäåò èìåòü ìåñòî è äëÿ ëþáîé óíêöèè
z ∈ L2(0, T ;K) òàêîé, ÷òî
∂z
∂t
∈ L2(QT ) .
Àíàëîãè÷íûì îáðàçîì, ïîâòîðÿÿ ðàññóæäåíèÿ ëåììû 5 [3℄, èç (56) íåòðóäíî
ïîëó÷èòü íåðàâåíñòâî∫
QT
(
η1ϕ(w)
∂
∂t
(div u)α(t)(z − w+) +∇w · ∇(α(t)(z − w+))
)
dx dt−
−
∫
QT
mϕ(w)
∂(α(t)z)
∂t
dx dt−m
∫
Ω
ϕ(−w−0 )z(x, 0)α(0) dx ≥
≥
∫
QT
b(ϕ(w))ρg2
∂(α(t)(z − w+))
∂x2
dx dt, (57)
Òåïåðü â (21) âûáåðåì z = −ŵ−hτα(t) , óìíîæèì ïîëó÷åííîå ðàâåíñòâî íà τ
è ïðîñóììèðóåì ïî t îò 0 äî T − τ , â ðåçóëüòàòå áóäåì èìåòü
T−τ∑
t=0
{
η1τ
4
∑
r
(
ϕ(ŵhτ ) divr (y)t,−ŵ
−
hτα(t)
)
r
+
1
4
∑
r
(
∇rŵhτ ,∇r
(
−ŵ−hτα(t)
))
r
}
+
+m
T−τ∑
t=0
τ
[(
ϕ(ŵhτ )
)
t
,−ŵ−hτα(t)
]
≤
≤
T−τ∑
t=0
τρg2
4
∑
r
(
b(ϕ(ŵhτ )), ∂r2
(
−ŵ−hτα(t)
))
r
. (58)
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Èñïîëüçóÿ (40) è îðìóëó ñóììèðîâàíèÿ ïî ÷àñòÿì, íåòðóäíî ïîêàçàòü, ÷òî
m
T−τ∑
t=0
τ
[
ϕ(ŵhτ )− ϕ(whτ )
τ
,−α(t)ŵ−hτ
]
= m
T−τ∑
t=0
τ
[
ϕ(−ŵ−hτ )− ϕ(whτ )
τ
,−ŵ−hτα(t)
]
≥
≥ m
T−τ∑
t=0
τ
[
Φ(−ŵ−hτ )− Φ(whτ )
τ
, α(t)
]
= m
T−τ∑
t=0
τ
[
(Φ(−w−hτ ))t, α(t)
]
=
= −m
T−τ∑
t=0
τ
[
Φ(−ŵ−hτ ), (α(t))t
]
−m
[
Φ(−w−hτ0)), α(0)
]
.
Ïîäñòàâèì ïîëó÷åííóþ îöåíêó â (58) è çàïèøåì ðåçóëüòàò, èñïîëüçóÿ ðàâåí-
ñòâî (19)∫
QT
η1ϕ(Π
+
r ŵhτ )Π
+
r divr (yhτ )t
(
−Π+r α(t)ŵ
−
hτ
)
dx dt+
+
∫
QT
(Π+r ∇rw
−
hτ )
2Π+r α(t) dx dt−m
∫
QT
Φ(−Π+r ŵ
−
hτ )Π
+
r (α(t))t dx dt−
−m
∫
Ω
Φ(−w−hτ0))α(0) dx ≤
∫
QT
b
(
ϕ(Π+r ŵhτ )
)
ρg2Π
+
r ∂r2(−α(t)ŵ
−
hτ ) dx dt. (59)
Â (59) ñîâåðøèì ïðåäåëüíûé ïåðåõîä ïðè τ, h → 0, ó÷èòûâàÿ ñîîòíîøåíèÿ
(48)(52) è ñâîéñòâî ñëàáîé ïîëóíåïðåðûâíîñòè ñíèçó íîðìû. Â ðåçóëüòàòå ïîëó-
÷èì∫
QT
η1ϕ(w)
∂(div u)
∂t
(−w−)α(t) dx dt +
∫
QT
∇w · ∇(−w−)α(t) dx dt−
−m
∫
Ω
Φ(−w−0 )α(0) dx−m
∫
QT
Φ(−w−)∂t(α(t)) dx dt ≤
≤
∫
QT
b(ϕ(w))ρg2
∂(−w−α(t))
∂x2
dx dt. (60)
Âû÷èòàÿ èç (57) íåðàâåíñòâî (60), ïðèõîäèì ê (17). Àíàëîãè÷íûì îáðàçîì ëåãêî
ìîæíî äîêàçàòü, ÷òî óíêöèè u1, u2, w , îïðåäåëåííûå ñîîòíîøåíèÿìè (48)(52),
óäîâëåòâîðÿþò ðàâåíñòâàì (16).
àáîòà âûïîëíåíà ïðè èíàíñîâîé ïîääåðæêå ÔÔÈ (ïðîåêòû  12-01-00955,
12-01-97022).
Summary
M.F. Pavlova, E.V. Rung. A Study of an Impliit Dierene Sheme for the Problem
of Saturated-Unsaturated Filtration Consolidation.
An impliit dierene sheme for the problem of saturated-unsaturated ltration
onsolidation under ondition of semi-permeability on part of the boundary is onstruted
and investigated. Using the penalty method the existene of the solution to the dierene
48 Ì.Ô. ÏÀÂËÎÂÀ, Å.Â. ÓÍ
problem is established. A study of the impliit onvergene of the dierene sheme is arried
out under minimal propositions on the smoothness of the original onditions: the onvergene
of the pieewise-onstant lling of the dierene solution to the generalized solution of the
problem under onsideration is proved.
Key words: ltration onsolidation, dierene shemes, penalty method, onvergene
of dierene sheme.
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